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ABSTRACT

In this dissertation we prove the Van de Ven theorem: if X is a closed subvariety of P™. The

short exact sequence
0 — Ix — Tpnlx — Axpn — 0

splits if and only if X is linear.
We will recall standard results about algebraic groups, following [Bor91], before tackling
the Matusmura-Oort and Borel-Remmert theorems. Finally, we will prove the Van de Ven

problem by following the work of Mustagi and Popa.

vi



INTRODUCTION

It is well known that for a closed embedding of smooth C-varieties X < Y the tangent
sequence

0 — X — Hlx — Sxy — 0 (%)

is short exact. Here Zx and .4y are the tangent and normal bundles of X in Y and F[x
is the restricted tangent bundle of Y to X. A natural next step is to ask when (%) splizs, when
is Jy|x isomorphic to Fx @ Ax|y? In the mid-twentieth century Van de Ven in [Ven58§]

proved the following result.

Theorem 0.0.1 (The Van de Ven Theorem for P™). For Y = P™, if (x) splits then X is a
linear subvariety of Y.
Morrow and Rossi gave a complex-geometric proof in [MR78] by explicitly construct-

ing a holomorphic retraction from a neighbourhood of X in P™ to X, together with the

following corollary of Bézout’s theorem:

Corollary 0.0.2. If'L is a linear subspace of P™ which intersects X transversally in the

non-empty linear space X N L. Then X must be a linear subspace of P™.

Alternatively, by dualising (x), we obtain the cotangent sequence
0— </VX\|/Y — Qllx — Qk —o. (%x)
Of course, (#x) splits if and only if (x) does. Simons showed in 1971 the following result

Theorem 0.0.3 ([Sim71]). If X is linearly normal in P™ and the restricted cotangent bundle

Qpn |x splits, then X is a rational curve.

One decade later Laksov presented a simplified version of Simons’s proof and showed
that his result implies the Van de Ven theorem. In 1996 Mustati and Popa found a similar
proof by studying the conditions that the first infinitesimal neighbourhood X(1) of X,
which is the proof we present.

Before tackling Van de Ven, we need a result by Borel and Remmert ([BR62]), the

Borel-Remmert decomposition ofa projective homogeneous variety X.
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Theorem 0.0.4. If X is a projective homogeneous variety then X decomposes into
X=AxG/P

where A is an abelian variety and G /P is the quotient of an algebraic group G by a parabolic
subgroup P yielding a rational, homogeneous and projective variety.

The proof of Borel-Remmert has two prerequisits. Firstly, we must understand what
it means for a variety to be of the form G/P. This is classic theory treated well in Borel’s

famous book [Bor91]. We cover the basics of algebraic groups and build up to our first key

theorem

Theorem 0.0.5. For a connected affine algebraic group G, G /P is projective if and only if P

is a parabolic subgroup.

The second preliminary to Borel-Remmert is the Matsumura-Oort theorem ([MO67])
published in 1967. Published is much greater generality than we need, we do not treat the

proof itself but instead prove its application to our scenario, in particular we show
Theorem 0.0.6. If X is a connected projective variety then Aut(X) is a connected algebraic
group whose Lie algebra is T (X, Ix).

In Chapter 3 we use Matsumura-Oort to show that a connected projective variety X is

homogeneous if and only if

Opy : Ox T (X, Ix) — Ix

is surjective. Here opy is a map of sheaves induced by the map of Lie algebras
opy : g — T'(X, Ix).

Combining this with Chevalley’s structure theorem, we will arrive at a proof of the Borel-

Remmert theorem, before finally tackling the Van de Ven theorem for P™.



VARIETIES AND THEIR GROUP

STRUCTURES

The goal of this chapter is to describe how we can endow a complex algebraic variety with a
group structure. We first introduce the notion of an algebraic group. When an algebraic
group G acts on morphically on a variety X, we call X a G-space. Our goal is to classify
precisely when quotients of these groups are projective or affine. Our main reference for

this chapter is [Bor91].

1.1  G-SPACES
Before defining a G-spaces, we need some basic properties of algebraic groups.

Definition 1.1.1. An algebraic group is a variety X equipped with a group structure such

that the group operations

pu:GxG—G i:6—G

(g,h) — gh g—g '

are morphisms of varieties. An algebraic group whose underlying variety is an affine variety

is said to be an affine algebraic group.

Definition 1.1.2. Let G be an algebraic group. We say that G is connected if the correspond-
ing variety is Zariski-connected. We will denote the connected component of e by G°.
Unless explicitly stated otherwise we may assume G is connected.

Ideally, we would like to work with abelian groups, however we cannot always do this,

so instead we work with so/uble groups, which can be constructed from abelian groups.

Definition 1.1.3. Let G be a group and let [G, G] denote the commutator subgroup.
Define inductively GO =gG,cM =[G,aG),..,GM = [T G—1)], Then the
descending series

is called the derived series of G. If there exists an m € N such that G(™) = {e}, we say that

G is soluble.
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Definition 1.1.4. Let G be an algebraic group. A variety X is a G-space if there exists a

group action

GxX—X

(9,x) — g.x

which is also a morphism of varieties. We say that G acts C-morphically, and we call G
a C-group. Let X and Y be G-spaces, A morphism of G-spaces is a morphism of varieties
@ : X — Ysuch that @(g.x) = g.@(x) forall g € G,x € X, i.e. @ isa morphism of
varieties that is equivariant. A G-space X is said to be homogeneous if G acts transitively on

X.If G acts with only a dense orbit, we say X is almost homogeneous.

Example 1.1.5. The set of all n x n matrices over C, GLy, (C), can be given the structure

of an affine variety. Let A = (xij) € GL,(C). We identify GL,, (C) with the closed set
{(A,y) € AT x A¢ | det(A) = 1} = V(det(x;)t — 1) € A™ x A.

Thus, GLn, (C) is a linear algebraic group.

Definition 1.1.6. A Zariski-closed subgroup of GLy (C) is called a Linear algebraic group.

Definition 1.1.7. Let V be a finite dimensional vector space over C. A morphism ¢ : G —

GL(V) which is also a group homomorphism is called a rational representation.

Definition 1.1.8. Let G = Spec(C[G]) be an affine algebraic group. Our goal with
this definition is to formulate the elements and structure of G in terms of C[G]. This is
sometimes known as an associative Hopf algebra.

Firstly, for the identity e € G, we associate the evaluation map at e.

e:C[G] — C

e(f) — f(e).

For comultiplication A : G — G x G, we have
V : ClG] — CI6] Q) CIG]
C
such thatif V(f) = Y g; ® hy then f(xy) = >_ gi(x)hi(y) where V denotes the muit:-

plication map.
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Finally, for S : G — G we have the antipode map
S*: CIG] — CIG]
(S*f)(x) — F (xq) .
In order to formulate the group axioms, we first define the correspondence
e:G— G n:A— A
X+—e n(x) — f(e).

We call € the counit and ) the #nit maps. The group axioms are thus expressed by the

commutativity of the following diagrams:

GxGxG—21 L GxG ARARA +—21  ARA

(Ass) 1xA A 1®V v
GfoG A®A%A

6—Y ,Gxe Ac—™D  Aga

(1d) (1,e) ! A (1,n) v
GfoG A®A%A

c— > ,G«xg A0 aAga

(Inv) (1,5) ¢ A (1,5 v
GxGﬁG A®A%A

Note that the right hand diagrams are guaranteed to commute if the left hand ones do (and
vice-versa), as there is an equivalance of categories between the category of affine varieties

and the category of finitely generated reduced C-algebras.

Definition 1.1.9. Let G be an affine algebraic group which acts C-morphically on an affine

variety X via the map

x:GxX—X

(9,x) — g.x.
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Such an action makes X a Hopf algebra comodule. We have an induced pullback on coordi-

nate rings

o« : C[X] — C[G] Q) CIX].
C

1

For g € G we denote Ag for the pullback of x = g~ 'x and p4 for the pullback of x — xg

we thus have linear automorphisms of C[X] given by
f— Agf (Agf)(x) = f(g_1x)
f— pgf (pgf)(x) = f(xg).

We call such automorphisms, respectively, left translations or right translations of functions
by g.

Borel uses these translations to prove the following important theorem:

Theorem 1.1.10. Let G b an affine C-group. Then G is isomorphic to a closed subgroup of

some GL,.

We now start building to our first important result; showing that for a linear algebraic
group G and closed subgroup H the quotient G/H is quasi-projective. We begin with some

easy results about oribts and stabilisers.

Lemma L111. Let X be a G-space. Then, for each x € X, the stabiliser subgroup
Gx ={geG|gx=x}
is closed.

Proof. Let @ : G — X be the orbit map sending g to g.x. By the definition of G-spaces,

we know that ¢ is a closed map so @ ' (x) = Gy is closed. O
Lemma 1.1.12. Let X be a G-space. Then, for all x € Xits orbit, G.x is open in its closure.
Proof. As G.x is a morphism of varieties, it is open in its closure. O

Lemma 1.1.13 (Chevalley). Let G be a linear algebraic group and W a closed subgroup. There

is a rational representation & : G — GLy (V) and a line L C V such that
H={ge G|a(g)L=1L1}

i.e. H is the stabiliser subgroup of L.
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Theorem 1.1.14. Let G be a linear algebraic group over C and let H < G be a closed subgroup.

Then G/H is a quasi-projective variety.

Proof. By Lemma 1.1.13, we can choose V to be the point in P™ corresponding to the line
(v) stabilised by H. Let X = G.v C P}. By construction, X is a homogeneous G-space. We

have the induced surjective map

©:G—X

g—9gv

whose fibres are cosets of H. This further induces the bijective map @ : G/H — X, which
gives G/H a variety structure. We know that G.v C P is closed and therefore projective.

Furthermore, by Lemma 1.1.12, G.V is open in G.v, therefore G.Vis quasi-projective.  []

1.2 PARABoOLIC AND BOREL SUBGROUPS

Throughout this section, G is an algebraic group. We have two goals in this section. Firstly,
we wish to classify when quotients of G are projective or affine. Secondly, we will classify

parabolic subgroups of a simple algebraic group G, up to conjugacy.

Definition 1.2.1. A complete variety is a variety X such that for any variety Y, the projection

7: X x Y — Yisaclosed map.
Theorem 1.2.2. If X is projective then X is complete.

Proof. We start by reducing what we need to prove. Firstly, (from the definition of a
complete variety) if X is complete and X’ C X is a closed subvariety, X’ is complete. Hence,
we may let X = P™. Furthermore, as closed is a local condition it suffices to prove the
theorem for each affine chart of Y. However, if Y/ C Y is an affine subvariety X x Y’ is
closed in X x Y, so it suffices to prove the theorem for Y = A™.

Let 7 be the projection map 7t : P™ x A™ — A™. We need to show that if Z is closed
in P™ x A™ then 7t(Z) is closed in A™. It is clear that for Z = & that 7t1(Z) is closed, so
we may assume that Z is non-empty. Now we can write Z as a finite union of closed Z;’s in
P™ x A™ and show that each 7t(Z;) is closed. Hence, we can assume Z is irreducible.

Let A =k[x1,...,xm]and S = Alty, ..., tn]. By the definition of the Zariski topol-
ogy, the closed sets in P™ x A™ are of the form V (I) where I is a homogeneous ideal in S.
So Z = V(I) is irreducible if and only if VTis prime. W.L.O.G we can take I prime. Note

that the restriction of 7 is dense in its image, so we can assume 7t is dominant.
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It remains to show the following: if y = (y1,...,ym) € A™ then thereisan x = [xo :
-+ :xn] € P™ such that (x,y) € V(I). Let my be the maximal ideal in A corresponding
to the pointy. Then ] = my S + Iis a proper homogeneous ideal in S. The goal is to show
that V(]) # @.

We argue by contradiction. Assume V(J) = &. Then, there exists a d such that the
set Sq C S of homogeneous polynomials in degree d lies in J. Let N = %, which is a
finite A-module. Let (n1, ..., n;) be its generators. It follows from our assumptions that
N = myN. By Nakayama’s lemma, N = 0, which implies that V(]) # & contradicting

our assumption. O
Definition 1.2.3. A closed subgroup P of G is parabolic it G/P is a complete variety.

Theorem 1.2.4. Let G be a linear algebraic group. A variety G /P is projective if and only if
P is parabolic.

Proof. The forwards direction follows from the definition of a parabolic subgroup and
Theorem 1.2.2. For the other direction, by Theorem 1.1.14 G /P is always quasi-projective.
As G/P is also complete, it is projective. ]

Now we know G/P is projective, we can work to more the more general case G/B

where B is Borel.

Definition 1.2.5. A subgroup B of G, which is maximal among the connected, soluble

subgroups is called a Borel subgroup.

Theorem 1.2.6 (Borel fixed point theorem). Let G be a connected, soluble, linear algebraic

group acting on a non-empty complete variety X. Then X has a fixed point under the action of

G.

Theorem 1.2.7. Let B be a Borel subgroup of a linear algebraic group. Then all Borel

subgroups are conjugate to B, and G /B is a projective variety.

Corollary 1.2.8. A closed subgroup P of G is parabolic if and only if P contains a Borel
subgroup.

Proof. 1t P contains a Borel subgroup B, then we have a surjective morphism G/B — G/P
from a projective variety (Theorem 1.2.7), so G /P is projective. For the other direction, by

Theorem 1.2.6, B has a fixed point in G/P so some conjugate of B lies in P. O
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From the previous corollary, we see that Borel subgroups are themselves parabolic and

are in fact the minimal parabolic subgroups.

Definition 1.2.9. A linear algebraic group over C is said to be reductive if it has a represen-

tation that has a finite kernel and is a direct sum of irreducible representations.

Theorem 1.2.10 (Matsushima’s Criterion). Let G be a reductive linear algebraic group and

let H be a closed subgroup, then G /H is affine if and only if H is reductive.

Proof. See [Bia63] O

1.3 INTERLUDE ON LIE ALGEBRAS

We briefly discuss the associated Lie algebras of algebraic groups and their Borel/parabolic
subgroups to see how the classification of semisimple Lie algebras can be used to classify
parabolic subgroups.

Recall that for a semisimple Lie algebra g a choice of Cartan subalgebra b determines

g::h€9€}>ga

xEeR

the decomposition

where R is the root system.

Definition 1.3.1. Let g be a semisimple Lie algebra and b a Cartan subalgebra. For each
ordering of the root system R = R* U R™ we associate the subalgebra
b=he P s
axERT
called the Borel subalgebra.
If G is algebraic group corresponding to the Lie algebra g and P a parabolic subgroup of

G, we can describe the Lie algebra as follows: Theorem 1.2.7 tells us that a Borel subgroup

B must live inside it. Hence, if T is a subset of the root system R, containing R™ we have a

p::h€9€}99a-

xeT

subspace of g containing b

For p to be a subalgebra, we require T to be closed under addition. Moreover, we can see
that T must be generated by R* and the negatives of a set L C R. Hence, for each  we
write T(X) for the set of all roots which can be written as —s + rfors € £,r € RT. We are

now ready for our final definition in this section.
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Definition 1.3.2. Let g be a semisimple Lie algebra, b a Cartan subalgebra and I an
additively closed subset of the root system R. We define the parabolic subalgebra with

respect to X as

p(Z) :h@ @ Jo-

x€eT(Z)
We of course have corresponding parabolic subgroups P(X) of the corresponding algebraic
group.

Thus, we conclude this section by noting that there is a one-to-one correspondence
between the subsets of the set of simple roots (or equivalently with subsets of nodes of the

Dynkin diagram) and the parabolic subgroups of a simple algebraic group G.

1.4 APPLICATION: THE GROUP REPRESENTATION TO LINE BUN-
DLE CORRESPONDENCE

In the first part of this section we recall the definitions of schemes and Ox-modules and
finally, the definition of a /ine bundle. In the second part, we describe how, for homogeneous
spaces X = G/P, there is a one-to-one correspondence between (ample) line bundles .# on

X and irreducible representations V of G. We will roughly follow [FH91].

1.4.1 LINE BUNDLES

Definition 1.4.1. Let X be a topological space, and O a sheaf of rings. We call (X, Ox)
a ringed space. (X, Ox) is a locally ringed space it for each p € X, the stalk O ,, is alocal

ring.

Definition 1.4.2. An affine scheme is a locally ringed space which is isomorphic to the
spectrum of some ring. A scheme is a locally ringed space (X, Ox ) such that for eachp € X
there exists a neighbourhood U C Xsuch that (U, x|y ) is an affine scheme. We will often
call Ox the structure sheaf of X. A morphism of schemes is a morhpism of locally ringed

Spaces.

Definition 1.4.3. Let (X, Ox) be a ringed space. We define an Ox-module as a sheaf
of abelian groups .# such that, for each U C X,.% (U) is an Ox(U)-module and ¥ is
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compatible with the restriction maps of Ox: if U C V C X then the diagram

ﬁx (V) X
(rCSv,u,fCSv,u)‘
x(U) x

F(V) —— F(V)
% (u)

Y

commutes.

Definition 1.4.4. Let f : (X, Ox) — (Y, Oy) be a morphism of ringed spaces. For an
Oy-module ¢ define the pullback of 4 as

g =19 Q=10 Ox.

Definition 1.4.5. A free sheaf on a ringed space (X, Ox) is an Ox-module .# such that
F = ﬁ;‘? I for some indexing set I. The cardinality of Tis the rank of .7 .
A locally free sheaf is an Ox-module which locally isomorphic to a free sheaf.

The most important type of sheaf that we need is the znvertible sheaf, also known as

(albeit slightly informally) a line bundle.

Definition 1.4.6. A line bundle or invertible sheaf is alocally free sheaf of rank 1.

1.4.2 THE CORRESPONDENCE

Let G be a simple homogeneous algebraic group. Let V = T be an irreducible represen-
tation of G with height weight A. Consider the action of G on PV and let p € PV be the

point corresponding to the eigenspace with eigenvalue A.
Proposition 1.4.7. The orbit G.p is the (unique) closed orbit of the action of G on PV.

Proof. The point p is fixed by a Borel subgroup B such that Stab(p) = P for Py parabolic.
So the orbit G/P, is compact and thus closed.

On the other hand, by Theorem 1.2.6, any closed orbit of G has a fixed point for the
action of B, but we defined p as the unique fixed point of B acting on PV. ]

We have shown that for any irreducible representation V of G there is a unique, closed
orbit X = G/P for the action of G on IPV. Moreover, from a representation V we obtain a
homogeneous projective variety X and, by restricting the tautological line bundle on PV,
we obtain a line bundle .Z = Opy/|x on X which is invariant under the action of G.

More generally, via the projection 7t : G/B — G/P we can pull back each line bundle
% on X to a line bundle m*.% on G/B.
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1.5 EXAMPLES
There is a natural way to turn SL, (C) into a linear algebraic group.

Example 1.5.1. The group SLy, (C) of determinant 1 matrices form an affine variety in the

following way: Let A denote the determinant

X111 o Xin

A(Xij) = det
Xn1 ° Xnn

It is clear that this is a polynomial in the n? variables xij. The affine subvariety
V(A—1)c A™
gives SLy, (C) a variety structure.

Example 1.5.2. The group of upper triangular matrices Borel in SL, (C) is Borel. For this

choice of Borel subgroup, the maximal parabolic subgroups are of the form

* *
Py = eSLL(C)}, 1<dgsn—1.
Otn—d)xa *

More generally, let d = (di,...,d;) where 1 < dy < -+ < dr < n — 1 for some

1 <1 < n— 1. Then, a general parabolic subgroup of SL, (C) is of the form
Pqa=)Pa.
i=1

1.5.1 GRASSMANNIANS AND FLAG VARIETIES

Definition 1.5.3. Let V be a finite dimensional vector space of dimension n. A flagisa

sequence of nested subspaces of V,
Vic---CV,CW.

The signature of a flag is the tuple of dimensions ¢ = (dim(V7),...,dim(V;)).If o =
(1,...,n) we have a full flag.

Definition 1.5.4. Let V be a finite dimensional vector space of dimension n. The set of
flags of V, with signature (dq,...,d,), denoted F(d1,..., dr,n) is called the flag variery
of V. We let F(n) denote the set of all flags of V. Finally, if each V; in

Vic---CcV;
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is the span of the first v basis vectors in the standard basis, F(1,...,7,1) is called the

standard flag.

We note that GL, (C) acts transitively on Iy, ie. if g € GLr (C)andx =Vy C --- C
V, € F,, then
gx=gVy C---gV;.

Furthermore, let g be in the stabiliser of the standard flag, that is
gVi cV; forall1 <i<n.

More precisely, the i’th basis vector must land in the span of the ey, . . ., e;. We can see that

the standard flag is stabilised by elements of the form

X11 X110 XIn
0 x22 -+ Xon
: 0
0 0 - xXpn

In other words, the standard flag is stabilised by the group of upper triangular matrices

which we will denote By, (C). Using an induction argument, it is clear that By, (C) is soluble.

Definition 1.5.5. Let V be an n-dimensional vector space. The Grassmannian G(k, V) =
G(k, ), is the set of k-dimensional subspaces of V. We can embed G(k, n) as a projective

variety into projective space via the Pliicker embedding:

n

0:G(kn) — P(/\kv) ~ p(R)-1
W= Span({vh-'-)vk}) v A Avg,

Suppose we have a representation of SL,, (C) in the form W = A*V, where V is the
standard representation, Proposition 1.4.7 tells us that the vectors {vi A--- A vy} forma
closed orbit in PW. Hence, we can embed SL, (C) /P into the Grassmannian.

Recall that F(dy, ..., dy,n) is the flag of signature (ds, ..., d;) in a vector space V of
dimension n. We can embed a flag variety into projective space as follows: The elements of
F(ds,...,d,n)are of the form

Vg, C -+ C Vg,

where Vg, is a vector space of dimension d;. There is an embedding

\
¢:9(dr,...,dyyn) — [ [ Gldi,n)

i=1

Vd] C"‘Cvdr}—>(Vd1,...,Vdr)
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into a product of Grassmannians. We can then use a product of Pliicker embeddings
T T a4 N T (2)-1
P(ds,...,dy) 5HG(di>n)‘—>HP(/\ V) =[P
i=1 i=1 i=1
Wi XX We — AW x - x AW

Putting this all together we have a map
T n ]
P(d;,...,d) P ?(dh' . ')dhn) R— H]P)(di)i .
i=1

So any flag variety can be embedded into projective space. Moreover, every G/P, can be

realised as a flag hence the following definition

Definition 1.5.6. A generalised flag variety is a smooth, projective homogeneous space

G/P which is full when P is Borel.



THE MATSUMURA-OORT THEOREM

We wish to study the group of all automorphisms of a variety X, which we denote Aut(X).

An important case is X = IP™, for which it can be shown that
Aut(X) =PGL,, 1 (C).

Projective algebraic groups are automatically commutative if they are connected, hence

we have the following definition:

Definition 2.0.1. An abelian variety is a connected projective algebraic group.

Abelian varieties arise in many areas, for example in the A/banese variety which we will
treat in Chapter 3. Of course, the most famous type of abelian varieties are elliptic curves.

Furthermore, for any abelian variety, we have the following property of its automorphism

group.

Example 2.0.2. Let A be an abelian variety, G the group of automorphisms which preserve
the abelian structure of A and A (k) the group of translations of points in A. Then Aisa

group extension of G by A (k). We obtain the sequence
1— A(k) — Aut(A) - G — 1

which is exact.

2.1 THE AuTOMORPHISM GROUP OF P"

Showing that the automorphism group of P™ is PGLy, 41 (C) is a surprisingly difficult task.
For this, we need the language of schemes and line bundles.
The most important line bundles for us is the following example. First, we borrow

some notation from [Vak24] by setting x; /; = :—1 thus, we may denote the affine open set
U; c P™as

C[XO/i) e )xn/i]>

U; = Spec
P ( (xi/1 —1)

where x; /; is a “dummy variable.”

15
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Example 2.1.1. Let X = [P™. We define a line bundle &Ox (m) (we will use the shorthand
O'(m)) via transition functions as follows: The transition function U; to U; is multiplica-

tion by x{‘}j = x;/T For m > 0 We have the following diagram:

—m
XX

T

(C[Xo/i, e )Xn/i]/(xi/i — 1) (C[XO/j» .. -)Xn/j]/(xj/j - ])

\/

—m
Xx; !
i/j

Itis clear that &'(m) = O(1)®™. If m < 0 we define &'(m) = (€(1)®~™)*. Of particu-
lar importance to us are the line bundles &'(1) and &(—1) which are often referred to as
the Serve twisting sheaf and the tautological line bundle respectively.

We can quickly compute the global sections of &’(m) as follows: let m > 0. Global

, . ClxosiseesXnyil Clxosjs--orXny3]
sections are polynomials f € i=T) and g € (e T) such that

1
f <XO/1) ey Ty "-)Xn/i> X{r/tj = g(XO/j) ---»Xn/j)
Xi/j

i.e. we need f (xo/i, ey X?—f, . xn/i) x{’/lj to be a polynomial, which only happens when
i/j
(X0 /iy -y Xn /i) isa polynomial of degree at most m. The “sticks and stones” formula from
combinatorics tells us that f(xg /i, ..., Xp /1) has (“im) coeflicients. Hence, we conclude

that

dim F(P™, @(m)) = <“ flm>

For m < Oitis clear that f cannot be polynomial, so &’(m) has no non-zero global sections

and dim I'(P™, &'(m)) = 0.

Remark 2.1.2. Note that the condition

1
f (XO/i) ceey r, "'vxn/i> Xr}'] = g(Xo/]', --')Xn/j)
)

i/

is independent of scaling.

It can be shown that these are in fact the only line bundles on P™. Another important
factis that the Picard group of P™, (the group of invertible sheaves on P™ up to isomorphism)
Pic(IP™) is generated by &'(1). Furthermore, Pic(P™) = Z.

Theorem 2.1.3. The automorphism group of P™ is PGLy, 1 (C)
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Proof. Suppose 7t : P — P™ is an automorphism. Note that 77*(&(1)) must be a line
bundle on P™, hence, 7t induces an automorphism of Pic(P™) with inverse (= 1)*. Such
an automorphism must send the generator of Pic(IP™) to another generator. Since Z =
Pic(IP™) has generators 1 and —1, 7w*(&'(1)) must be either (1) or &'(—1). We have shown
above that &'(—1) has no non-zero global sections, so we must have 7w*(£'(1)) = O'(1).
Furthermore, out above calculations show that dim I'(IP™, &'(1)) = n + 1 and that the

global sections are determined up to scalars. Hence,

Aut(P™) = PGLy, 1 (C).

2.2 THE AUTOMORPHISM GROUP OF AN ARBITRARY VARIETY

For a scheme X, a family of automorphisms of X parameterized by a scheme S is an automor-

phism of the S-scheme X x S.

Remark 2.2.1. Suppose g is an automorphism of X x S then g satisfies the relation
g(x,s) = (f(x,s),x), forallxe X;seS$S
where f : X x S — S is a morphism of schemes such that for each fixed s € S(C)

fg: X— X
x — f(x,s)
is an automorphism of X. The families of automorphisms of X paramaterised by S form a
group Aut(X x S/S).

We can move between families automorphisms of X paramaterised by a scheme S to
families paramaterised by another scheme S’. Given g = f x ids € Aut(X x S/S)and a
morphism of schemes u: S” — S we have an induced map

g :XxS§ —§
(x,8") > (f(x,u(s")),s")
which is a family of automorphisms of X paramaterised by S’,i.e. g’ € Aut(X x S’/S’).
Furthermore, pulling back u gives us the group homomorphism
u* : Aut(X x S/S) — Aut(X x S’/S")

gr—g’.
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Definition 2.2.2. Let X be a scheme whose family of automorphisms is paramaterised by
S. The automorphism group functor is a contravariant functor from the category of schemes

to the category of groups defined as

Auty : Sch — Grp

S —— Aut(X x S/S)

ur— u®.

In order to understand Matsumura-Oort, we first want to expand our notion of al-
gebraic group. Firstly, we define an algebraic C-scheme as a scheme of finite type over C.

Furthermore, we let * = MaxSpec(C), the set of maximal ideals of C.

Definition 2.2.3. Let G be an algebraic C-schemeand m : G X G — G be a morphism of
schemes. We call the pair (G, m) an algebraic group scheme (which we may refer to simply
as an algebraic group) over C if there exist morphisms e : ¥ — G andinv: G — G such

that the following diagrams commute:

GxGxG ™ Ggxa fx G2, G x G e G xx
mxidJ J{m N TL -

= l ~
GxG—— G g

A locally algebraic group is a group scheme, locally of finite type.

Theorem 2.2.4 (Matsumura-Oort, [MOG67]). If X is a proper scheme then the functor

Auty is represented by a locally algebraic group.

Corollary 2.2.5. If X is a connected projective variety then Aut(X) is a connected algebraic

group whose Lie algebra is T (X, Ix).

Proof. Since X is projective, we have a closed immersion into P™. Hence, X — P™ is
proper. Then, by the Valuative Criterion of Properness (see [Har77]) P™ is proper over
Spec(C). Hence, the composition X — Spec(C) is proper. So X is a proper scheme and
the Matsumura-Oort theorem tells us that Autx is represented by a locally algebraic group.

Hence, by [Bril8, p. 5], the automorphism group (scheme) of X, Auty, is a locally finite
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type group scheme. By [Sta24, Proposition 0B7R] we see that Aut% is quasi-compact
and thus Aut¥ is a finite type group scheme i.e. an algebraic group. As X is connected
Aut} = Auty is an algebraic group. Furthermore, by [Bril8, p. 6], the Lie algebra of Autx

consists of derivations of the structure sheaf &’x hence

Lie(Aut(X)) = I'(X, Zx).


https://stacks.math.columbia.edu/tag/0B7R

THE BOREL-REMMERT THEOREM

In this chapter we will discuss a result by Borel and Remmert. The theorem holds for Kihler
manifolds, however we need not define this as every smooth complex projective variety is
a Kihler manifold. We will take X to be a homogeneous, connected, smooth projective
variety.

The goal of this chapter is to decompose X into an abelian variety and a rational (bira-
tional to P™) homogeneous variety. We will call such a decomposition the Borel-Remmert

decomposition of X and write

X=AxG/P
for the decomposition.
Theorem 3.0.1 (Borel-Remmert,[BR62]). Let X be a connected, homogeneous and smooth

projective variety. Then X is isomorphic to the product A x G /P, where A is an abelian variety

and P parabolit.

3.1 ABELIAN VARIETIES

First, we need to set out a notion of the abelianisation of a variety. We do this by contructing
Albanese variety associated to a variety X. Named after Giacomo Albanese, we construct

the Albanese variety in the following way.

Definition 3.1.1. Let X be a variety with a basepoint. The Albanese variety, A(X), is
defined by the following universal property: There exists a morphism o : X — A(X)
(of pointed varieties) called the Albanese map such that for any map of pointed varieties

f : X — A where A is abelian, there exists a g : A(X) — A such that the diagram

4f>A

X
R
‘/ dg //
o -
)

A(X

commutes.

20
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We can also describe the Albanese explicitly as follows: Suppose X C P™ is a variety
with basepoint p then

A(X) = HO(X, Q))*/H1 (X, Z).

Furthermore, if ¢ € Xand p € HO(X, Q) we define the Albanese map o : X — A(X)

e

where fg x is defined up to cycles Hy (X, Z).

via

We will use without proof the following theorem by Chevalley, which gives abelian

varieties the structure of an algebraic group. A modern proof can be found in [Con02].

Theorem 3.1.2 (Chevalley’s Structure Theorem). Let G be an algebraic group, then there
exists a unique closed connected normal affine subgroup G,z C G such that G/G,g is an

abelian variety. Moreover, A(G) = G/Gg.

3.2 TANGENT SHEAVES

There is a nice algebraic formulation of the tangent space at the identity of a connected

algebraic group.

Definition 3.2.1. Let G be a connected algebraic group, the tangent space at e, g := TG,
is the Lie algebra of G. Furthermore, if X is a G-space g acts on X by vector fields. For
smooth varieties, we denote the tangent sheaf 7x and have an induced morphism of Lie

algebras
opx 8 — F(X) gX)
&E— v

where v is the vector field induced by the action of G on X. Specifically, for each x € X

d
ve(x) = it (exp(—t&)x).

It follows that we have a corresponding map on sheaves
Opy Ox ®g — Ix.

Consider the action G x X — X where X is ahomogeneous G-space. By assumption the

group action is surjective so g1 = g2 if and only if g1x = gox which gives us gz] gix =X,
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ie. g1Gx = g2Gx. Now consider a map

©:G/Gy — X

gGx — gx.
Note that @ is surjective by the transitivity of the action of G on X. Furthermore,

¢(91Gx) = gix

= g2x

= ¢(92Gx)
= 916G = g2G.

So ¢ is injective and moreover is an isomorphism of G-spaces.

Remark 3.2.2. For a homogeneous G-space X, we have an isomorphism of pointed G-

spaces (G/Gy, eGx) = (X, x).

Recall that, by Mastumura-Oort, the Lie algebra of the automorphism group of a

projective variety is I'(X, :7x ). We then have the following useful lemma.
Lemma 3.2.3 ([Bril2]). A connected projective variety X is homaogeneous if and only if
Opy : Ox T (X, %) — Ix

is surjective.

Proof. For the forwards direction, suppse X is homogeneous and choose arbitrarily a base-

point x € X. As X is homogeneous, the orbit map

©x:G— X

gr— g.x
is surjective. Moreover, the differential of ¢

doyx 1 g — TX
is also surjective. However, d@y is a map on stalks of .7x. More precisely

ox = (opx) -

Since we picked x arbitrarily, it follows that opy is surjective.
For the converse, assume op, is surjective. Let G = Aut(X). Corollary 2.2.5 tells us

that g = T'(X, Ix). As opy is surjective, the induced map on stalks

(opx) 10X Zx) = TuX
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is surjective too. Hence, d@y is surjective for each x € X, furthermore, @ is a submersion
whose image G - x is open in X. Since x is arbitrary and X is connected we conclude X is

homogeneous. O
Lemma 3.2.4 ([Bril2]). If X is projective with trivial tangent bundle Fx, then X is abelian.

Proof. Our previous lemma shows X is homogeneous, hence X is of the form G/H where

G = Aut(X) and H is the stabiliser of some point in X. Since J is trivial, we have that
dim(X) = dim(T'(X, Z%)) = dim(g) = dim(G)
so H is finite and X is abelian. Furthermore, H acts trivially on X so H = {e}. O

Lemma 3.2.5 ([Bril2]). Any connected algebraic group can be written as G = G,5Z(G)

3.3 A PrROOF OF THE BOREL-REMMERT THEOREM

We are now ready to prove Theorem 3.0.1.

Proof of the Borel-Remmert Theorem. Let G = Aut(X). By Theorem 1.2.6 Z(G) has a
fixed point. Furthermore, Z(G) is a normal subgroup of G. Our previous arguments
show that, as X is homogeneous, Z(G) = {e}. Chevalley’s structure theorem tells us that
A = Z(G) is abelian and G,¢ N A is finite.

The previous lemma tells us that

GafFXA—>G

(9,a) — ga™!

is a surjective morphism of algebraic groups whose kernel is G, N A. Hence, G = (G, x
A)/X for some finite subgroup K C Z(G).

Theorem 1.2.6 again tells us that R(G,g) has a fixed point, so it acts trivially. Thus, we
may assume G, is semisimple. By similar arguments Z (G, ) is trivial and G ¢ is adjoint.
We conclude that G,g N A is trivial, i.e. K = {e}. Hence, G = G, x A.

Matsumura-Oort tells us that for x € X, Gy is affine and thus Gx C G,4. Since G/Gy
is complete, so is G/Gx and G,5/Gx. By Theorem 1.2.4 P := Gy is parabolic in G¢.

Finally, consider the projection map G ¢ x A — G, and its restriction 71 : Gx — Gy

whose kernel is A N Gy. We note that A N Gy is normal and this trivial. Since [7t(Gy) : P] is



3 THE BOREL-REMMERT THEOREM 24

finite and P is parabolic we know that P is connected, equal to its normaliser and 7t(Gx ) = P.

Thus, Gx = P and we have shown that

X = G,g/P x A.



THE VAN DE VEN THEOREM

Van de Ven stated the following theorem: The only compact submanifolds with splitting
tangent sequence of the projective space are linear subspaces.

In 1958 Van de Ven published the proof of his theorem in [Ven58]. Since then many
proofs have been found. In this chapter we will present a proof by Mustatd and Popa
([MP96]), published in 1996.

Definition 4.0.1. A short exact sequence is a sequence
0>ASBHC—0
such that imf = kerg.

Theorem 4.0.2 (The Van de Ven Theorem for P™). Let X be a smooth closed subvariety of

P™. Let Tx and Nxpn be the tangent and normal bundle of X. Then the short exact sequence
0— TX — Tpn|x — NXI]P“ — 0

splits if and only if X is a linear subvariety of P™. Written explicitly, the above sequence is

isomorphic to the sequence
0— Tx — Tx @ Nxpn — Nxpn — 0

that is, there exist morphisms f,1, 70 such that the diagram

0 Tx Tpnlx —— Nxjpn —— 0
|id kf J{id
0 Tx ——— Tx @ Nxjpn ——— Nypn —— 0
commzutes.

4.1 PRELIMINARIES

Before we prove Theorem 4.0.2, we will first define some scheme-theoretic tools. These
tools are standard and are available in more detail in [Har77]. Our goal is to restate (1) in

terms of schemes and use their cohomological properties.

25
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Definition 4.1.1. Let f : (X, Ox) and (Y, Oy ) be ringed spaces. Suppose that f : X — Y'is
a continuous map, define the direct image sheaf f.Ox on Y by f.Ox (V) = Ox (f_1 (V))
forall V C Y open.

Definition 4.1.2. Let X be a topological space and f : &1 — € be a morphism of sheaves

of rings on X. Let .% be an &, module. An f-derivation into ¥ is a map
D:0O 2 — 9
that annihilates im(f), is additive and satisfies the Lesbniz rule

D(ab) = aD(b) + D(a)b.

We now introduce one of our main tools for the proof of Theorem 4.0.2, a global
analogue of an ideal of a ring. We are then able to express tangent bundles in terms of

sheaves.

Definition 4.1.3. Let X be a closed subscheme of Y, and let i : X < Y be the inclusion

morphism. We have an induced map of sheaves
i# . ﬁy — i* ﬁx

whose kernel we call the ideal sheaf, .9x of X. When the context is clear we will simply
write .# for the sheaf of ideals. We call . /.#2 the conormal sheaf of X in Y and its dual
x|y = homg, (/I 2. 0x) the normal sheaf of X in Y. Furthermore, we define the
forst infinitesimal neighbourbood of X in Y to be X := (X, (Oy)/.72).

Note that X is a closed subscheme of X(1), so there is a cannonical inclusion map
X — XM corresponding to the projection map of sheaves.

Now that we have the tools we need, we are ready to approach Van de Ven. We first
rephrase the statement to be about the splitting in the language of sheaves, that is if the
sequence

0 — Ix — Tpnlx — Axpn — 0 (1)

splits then X is a linear subvariety of P™. Dualising gives us the sequence
0 — Afpn = Qb — Qi =0, (2)

where Q) is the cotangent sheaf on X. From now on we will use the terms (co)tangent
bundle and (co)tangent sheaf interchangably.

We will take without proof that (2) is short exact (thus so is (1)). A proof can be found
in [Vak24, Section 21.2.]

A well known and important theorem is the exactness of the Enler sequence. We will
use the result without proof, as it is a standard result. Proofs of different flavours can be
found in [Har77] and [Vak24].
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Theorem 4.1.4 (The Euler Exact Sequenece). The cotangent bundle Q. satisfies the

following exact sequence

0— Qb — Opn (1)) G — 0.

The Euler sequence gives us a more concrete grasp on the cotangent bundle of P™. We
will be use it directly to prove Van de Ven’s theorem for the case dim(X) = 1.

The final piece of setup we need are some properties relating to the (algebraic) group
of invertible sheaves, the Picard group Pic(X) = H'(X, 0%). Firstly, we introduce the

Néron-Severi group.

Definition 4.1.5. Let Pic®(X) be the subgroup of Pic(X) consisting of divisors algebraically
equivalent to 0. We define that Néron-Severi group as NS(X) := Pic(X)/ Pic® (X).

Theorem 4.1.6. There exists an injective map
NS(X) ®z C — H'(X, Q).
Proof. The exponential sequnce
0—=Z— Ox — Ox —1
induces a long exact piece
= H (X, 0x) — Pic(X) <5 HA(X,Z) - -

Here c1 is the fzrst Chern class map which identifies a line bundle with its first chern class.
It is well known that im(c1) is the Néron-Severi group since ker(cq) = Pic®(X) where

Pic®(X) is the subgroup of divisors algebraically equivalent to zero. Furthermore,
im(c;) = HD(X) nH2(X, Z)
so NS(X) is a discrete subgroup of HIL T (X). Finally, by Dolbeault’s theorem
HD(X) = HY (X, Q)
so by tensoring with C we obtain an injective map

NS(X) ®z C — H' (X, Q).
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4.2 SETUP

Our first lemma is this section is the bread and butter of our proof. Our arguments on the
first infinitesimal neighbourhood show us that, in order for the cotangent sequence to split,

the first order approximations of P™* and X must coincide for some neighbourhood of X.
Lemma 4.2.1. The morphism & in the exact sequence of sheaves
Oﬁf/fng]Y‘XHQ;(HO

admits a left inverse if and only if the inclusion i : X — XV admits a retraction (a left

inverse).

Proof. We begin by simplifying each direction in the proof. Let 7t : Oy /. 2 50y I
denote the cannonical projection map on quotients. The existence of a retract of 1 is
equivalent to the existence of a ring homomorphism 6 such thatto 0 = idg, / ».
However, the existence of a left inverse of & is equivalent to the existence of a derivation
D: Oy — % /%% such that D| ; = p where p is the projection map .¥ — .¥/.#2.
We are now ready to prove the lemma. Let q : Oy — Oy/.% 2 be the cannonical
projection. Suppose we have a derivation D such that D| 4 = p. Define 0 : Oy — Oy /.7 2

as® = q — D. We evaluate 0 at .# to obtain
0(F) =q(F)—D(I) =q(I) —p(I) = I/ I* = I/ I% =04,/ 2.

Thus, 0 factors through Oy /.9 — Oy /.2, call this map 0. We then see that o 6 =

idg, /.7 . For the other direction, given 6 we obtain D = 6 — q. O

We can now prove one direction (the much easier direction) of Van de Ven’s theorem.
The proof is rather short since P™ has a linear structure and so will any P embedded

linearly.

Theorem 4.2.2. Suppose X C P™ be an v-dimensional linear subspace. Then, the sequence
0 — Afpn = Qpnjx — Q% — 0

splits.

Proof. Let X’ C P™ bean (n — r — 1)-dimensional subspace such that XN X" = @ and

let U =P™ \ X" and 7 denote the projection U — X. It is clear that
xcxMcu

and that 7t]y,(1) is the retract of i : X — X1, By Lemma 4.2.1 the sequence splits. O
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Lemma 4.2.3. Let L be a linear subspace of P™ such that X C L C IP™. We have the following

commutative diagram of vector bundles.

0 ——— Mfpn —— Qhulx 0 0
0 ——— M —— Qflx ol 0

Suppose that the top sequence splits, then so does the bottom sequence.

Proof. Firstly, note that the vertical maps are restriction maps induced by the inclusion

L C IP™. If the top sequence splits, we have the following diagram

0 b Mo Nfon ® QL ol 0
0 s Mfpn ———— Qlalx ol 0
0 ——— MY —— OlIx ol 0
353
v
0 M N D Q) ol 0

The isomorphism we want to show exists must make the diagram commute. Of course,

we can see such an isomorphism exists by applying the restriction map ‘/VX\|/]P“ &) Q;( —

ML D QY- O
Lemma 4.2.4. If(2)splits, X C P™ and dim(X) > 2 then
H'(X,.7/.9%) =0.

Proof. As (2) splits, we have H'(X, Q]}m\x) = H'(X,.#/.92) & H' (X, Q;), so it is
enough to show that h! (X, QL. Ix) < h'(X, Q). By restricting the twisted Euler se-

quence

0— Q[]Pm — Opn (=121 Gpn — 0

to X, we obtain the restricted twisted Euler sequence

0— Q]P’“‘X — ﬁx(—])@(nJr]) — ﬁx — 0.
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Taking cohomology gives us the long exact sequence
0 — HO(X, Qpnlx) — HO(X, Ox(=1)EMH)) — HO(X, Ox) — -
o= HU (X, Ogalx) — HUX, Ox (1)) — HI(X, 0x) — -+

Of course HO(X, Ox) = C. Furthermore, as Ox(—1) = Ox(1)*, we have

HY (X, Ox (—1)®MH1) = (HY (X, Ox (1))

which by Kodaira’s vanishing theorem with dim(X) = 2 and .Z —1 = Ox(1)* is zero.

Hence, h' (X, Qﬂm Ix) = 1. By Theorem 4.1.6, we have an injective map
o: NS(X) @7 C — H' (X, Q%)

thush!(X,Q)) > 1.

Example 4.2.5. Embed P! into P2 via Op1 (2). Written precisely, we have a map

v2 i Pl — P(N(P', Op:1(2)) = P}

[20221 222]

[x:y]n—>[x2:xy:y2}

namely the Veronese embedding. Note that v; is a degree 2 map which is an isomorphism
onto itsimage. Furthermore, im(v2) = V(zoz2—2z%) which is a plane conic. The cotangent
sequence is thus

0— I/ I% — Qplpr — Op1(2) — 0.

Assume for contradiction that the cotangent sequence splits. The Euler sequence for P2 is
0— Q[}”Z — Op2(—1)®3 = Op2 — 0.
Restricting to P! gives us
0— Qﬁmlw — Op1 (—1)®% = Op1 — 0.
Now we twist the above sequence by 2 and obtain
0— Qplpi(2) — ]1633 — Op1(2) — 0.
We have an induced long exact sequence on cohomology

0= HO(P', Qpolpi (2) = HO(P', 05%) — HO(P', 01 (2)) — -+
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Since HO(P', ﬁ’ﬁ‘?ﬁ) — HO(P!, ﬁﬂl (2)) is an isomorphism we have
HO(P', Qpalpi (2) = 0

which contradicts the existence of a right inverse for the map .O.]},z lpr — Op1(2). Hence,

the (co)tangent sequence does not split.

4.3 PROOF OF THE VAN DE VEN PROBLEM FOR P"

Proof of the Van de Ven Problem on P™ for dim(X) > 2. By Theorem 4.2.2 we can take X
to be nondegenerate, that is if X embedds into P™, X is not contained in any hyperplane.
Our aim is to show that X = P™.

Firstly, we show that HO(X,.#/.#?%) = 0. We obtain the restricted twisted Euler
sequence

0— Qhalx(1) = 5™ = 0y (1) — 0
which induces the cohomological chain
0 — HO(X, Qfnlx (1)) = HO(X, 6 ™) = HO(X, Ox (1)) — -
Note that HO(P™, 1) = C™ = HO(X, O3 ™). Furthermore, the map
HO(P™, Opn (1)) — HO(X, Ox(1))

is injective by the nondegeneration of X. Thus, HO (X, Q]}mlxﬂ )) = 0, which by the
splitting of (2) yields HO(X,.#/.72%(1)) =0.

By Lemma 4.2.1 there exists a morphism 1 : XM — Xsuch thatroi =id. Let L :=
1 Ox (1) be the pullback of the retract of @x(1). By Lemma 4.2.4 H' (X, .#/.#2) = 0
and thus the map i* : H! (Xm, ﬁxm) — H' (X, 0%) is injective. Recall that Pic(X) is
the group of isomorphism classes of line bundles, and we obtain the equivalent injective

map

i*: Pic(X(M) = Pic(X).
Astoi=id we have i* o * = id so
PL=1"r*0x(1) = Ox(1).

~

Additionally, pulling back 1) (1) along the cannonical inclusion gives i* Oy 1) (1)

Ox (1), and we obtain the isomorphism

L= ﬁx(”“)-
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Since each side of the above isomorphism differ only by multiplication by a nonzero constant
we can take L = Oy (1).

We showed above that HO(X, .# /.#2) = 0, so the map
" HO(X™ 05 (1)) — HO(X, Ox(1))
is injective. Furthermore, since i* o r* = id, the composition
HO(X, Ox (1)) T HO(XM), Gy (1)) 55 HO(X, 6x(1))

is the identity so i* and r* are isomorphisms. We hence have the following commutative
diagram
XM e PHO(XM Oy) (1))

X ————— P(HO(X, Ox(1))")

where s is the isomorphism induced by r*. Hence, 7 is an immersion and . = 0. We

conclude that X = P™. O

It remains only to prove the Van de Ven problem in the case dim(X) = 1. We will follow
the ideas of Laksov in [Lak81].

Proof of the case dim(X) = 1. Let X be a non-degenerate curve in P™. Since Tpn is ample,
[Har66, Proposition (4.1)] gives us the restricted bundle Tpn [x is ample too. Assume for
contradiction (1) splits Tpn|x = Tx @ Nxpn, by [Har66, Proposition (2.2)] each direct
summand of Tpn|x we get Tx is an ample line bundle.

Laksov [Lak81] shows that this implies X is rational, hence we can take X = P! C P

as a degree d > 2 embedding. We then have the following standard commutative diagram:

0 0

0 —— I/ I? — 5 Qlulp ———— QL = Opi(=2) —— 0

0 —— I)I? —— Opi (—d)o+1) E 0
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which defines a rank two vector bundle E = Opi(a1) @ Opi(az),ar,az € Zon X. As

the top row splits we have a map
(I ® Op1(-2)) — Opn(—d)®MHD)
in particular an inclusion
Op1 (~2) = Opr (~)2 (D),
Twisting the inclusion by 2, we obtain
Op1 — Opn(—d + 2)69(n+1 ).

As Op1 has global sections, Opn (—d + 2)2+1) must do too. Hence, —d + 2 > 0 so
d < 2. However, since we assumed d > 2, we obtain d = 2. Thus, X is a rational curve of
degree 2, which must be a plane conic. From here the proof is the same as in Example 4.2.5:

Twisting the restricted Euler sequence by 2 gives us
0= Ofalp1 (2) = Gy — O (2) = 0.
We then have the long exact sequence on cohomology:
0 — HO(P', Qpalp1 (2)) — HO(P', 031) — HO(P!, Opi (2)) — - --

Of course,

HO(P!, 0p:) = HO(P', 01 (2))

so HO(P1, Q;pz lp1(2)) = 0, which contradicts the existence of a right inverse for the

morphism QIIPZ‘IP” — Op1(—2). O



CoONCLUDING REMARKS

The Van de Ven problem for P™ is well documented and has many proofs. Likewise, the
Borel-Remmert theorem has a few proofs e.g. the one covered in this dissertation and one
in [Akh95]. However, the Matsumura-Oort theorem, from what the author has gathered,
has seldom one proof with the exception of a sketch of the theorem for the case when X is
projective by Brion in [Bril8].

Others have worked on the Van de Ven problem for other varieties. Namely, the Grass-
mannian variety and quadric hypersurfaces. We did do not have enough time to talk about
those here but Jahnke has an excellent exposition in [Jah05].

On another note, the Van de Ven problem for the fundamental representations of the
exceptional Lie group G is only partially solved. One representation is realised as a quadric
hypersurface and thus is covered in [Jah05]. The other fundamental representation, the
adjoint one, is a more complicated space. It is the intersection of a few quadrics, for details

see [Pro07]. The Van de Ven problem is currently unknown for the adjoint representation
of Gj.
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